Abstract. In this paper, we propose an entropy satisfying conservative method to solve the Fokker-Planck equation of the finitely extensible nonlinear elastic dumbbell model for polymers, subject to homogeneous fluids. Both semidiscrete and fully discrete schemes satisfy all three desired properties-(i) mass conservation, (ii) positivity preserving, and (iii) entropy satisfying-in the sense that these schemes satisfy discrete entropy inequalities for both the physical entropy and the quadratic entropy. These ensure that the computed solution is a probability density and the schemes are entropy stable and preserve the equilibrium solutions. We also prove convergence of the numerical solution to the equilibrium solution as time becomes large. Zero flux at boundary is naturally incorporated, and boundary behavior is resolved sharply. Both one-and two-dimensional numerical results are provided to demonstrate the good qualities of the scheme and the effects of some canonical homogeneous flows.
1.
Introduction. Dumbbell models with finitely extensible nonlinear elastic (FENE) spring forces are now widely used in numerical flow calculations to capture nonlinear rheological phenomena, both in the classical approach via a closed constitutive equation and in a modern approach in which the polymeric stress tensor is computed via Brownian dynamics simulations [10, 28] . For the dumbbell model the configuration probability density function (pdf) yields information on the probability of finding a dumbbell with a given configuration at a particular material point; hence solving the Fokker-Planck equation directly is desirable, as long as it is feasible [34] .
The original empirical FENE spring potential, was first proposed by Warner [37] , where H is the spring constant and m is the ddimensional connector vector of the beads with m ∈ B := B(0, √ b 0 ), a ball in R d with radius √ b 0 denoting the maximum spring extension. It exhibits, for small extensions, the expected linear behavior and a finite length b 0 in the limit of an infinite force.
This paper is concerned with the numerical solution of the Fokker-Planck equation of the FENE dumbbell model for the pdf f = f (x, m, t),
where x ∈ R d is the macroscopic Eulerian coordinate, v(x, t), the fluid velocity, is usually governed by the incompressible Navier-Stokes equation, ζ is the friction coefficient of the dumbbell beads, T is the absolute temperature, and k B is the Boltzmann constant. We refer to Chapters 11 and 13 of [5] for a comprehensive survey of the physical background and to [17] for some augmented models with inertial forces.
Throughout this paper we consider only homogeneous flows. Therefore the velocity field of the fluid can be written as v = Kx, where K = ∇v is independent of the position vector x in the fluid and has zero trace since we assume the fluid to be incompressible. Let the flow map be defined as From now on K is assumed to be a trace-free d × d matrix, i.e., T r(K) = 0. Boundary requirement (1.3c) is imposed to ensure the existence and uniqueness of the weak solution to (1.3) (see [31] ).
∂ t X(y; t) = v(X(y; t), t), X(y;
The singularity of the Fokker-Planck equation near |m| = √ b makes the boundary issue rather subtle [29] and presents numerous challenges, both analytically and numerically. These issues are particularly important in solving the coupled NavierStokes-Fokker-Planck system, in which the behavior of the polymer distribution near boundaries is of significance. Consequently, computing with sharp resolution and stability near boundaries is a major goal. On the other hand the pdf is the practically relevant solution [32] for the underlying Fokker-Plack equation. It is therefore desirable to design a method which preserves three important properties of the pdf: constant integral (mass conservation), positivity preserving, and entropy satisfying in the sense that entropy inequalities are satisfied at the discrete level. In this paper, we develop such a method.
A key concept in the design of our numerical method is the relative entropy. To illustrate the idea, we reformulate the Fokker-Planck equation (1.3a) . If K is normal in the sense that it commutes with its transpose, i.e., KK = K K, it can be verified that the equilibrium solution can be determined explicitly as
where K s is the symmetric part of K. Let K a be the antisymmetric part of K; then the Fokker-Planck equation can be rewritten as (1.5)
Using the zero flux boundary condition (1.6), it can be shown that the relative entropy for some C > 0. One may also use the physical entropy defined by
E(t)
which satisfies the following entropy dissipation equation:
Note that the physical entropy is bounded as long as E is bounded since
For initial density with E(0) < ∞ it suffices to consider the quadratic entropy E(t),
which is particularly convenient to use for higher order methods. As the first step, we shall design a finite volume scheme based on (1.5) and show positivity and stability properties in terms of the relative entropy. More precisely, for both semidiscrete and fully discrete schemes presented in this work, we are able to prove the entropy stability for both quadratic and physical entropy, based on which we also prove the long time convergence. Existence of positive solutions is established as well. For nonhomogeneous flows, which is the case when considering the coupled problem with the Navier-Stokes equation, we may apply the method developed in this paper using operator splitting. For instance, for each fixed m, one may solve the transport equation
with v obtained from solving the Navier-Stokes equation. With the obtained f as initial data, one further solves the Fokker-Planck equation with K = ∇ x v(x, t). Note that this treatment using operator splitting techniques is a standard tool in fluid simulations; see [15, 16] .
Related work.
The regime of physical interest is b > 2, for which the boundary requirement (1.3c) was shown to be a sharp requirement for the solution to remain a probability density [31] . Moreover, this condition is equivalent to the zero flux boundary condition for b > 2 as shown in [31] ,
For theoretical results concerning the existence of solutions of the coupled system we refer to [32, 33, 39] ; see also the works [11, 12, 13] and the earlier works on this Downloaded 08/29/13 to 129.186.52.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php problem [22, 23] . For rigorous analysis of long-time asymptotics of the FENE model, see [24] ; and see [3] for entropy methods to study rate of convergence to equilibrium for Fokker-Planck type equations.
For some special configuration solutions with small flow rates, the use of moment closure approximations has been investigated by several authors; see, e.g., [18, 20, 21, 30, 38] . Most numerical methods developed for the Fokker-Planck equation have been based on the form of (1.3a); see, for example, [1, 2, 19, 37] . Some elaborate numerical algorithms based on spectral methods were recently developed for the Fokker-Planck equation of the FENE model in [15, 16, 26] . A spectral-Galerkin approximation was further introduced in [25] based on a weighted weak formulation for f (b − |m| 2 ) −b/4 . An improved weighted formulation was proposed in [36] in terms of f (b − |m| 2 )
−s/2 for 1 < s ≤ b, leading to a different spectral-Galerkin algorithm. We note that this weighted formulation was also used for specific values of s in [15, 16, 26] and was analyzed in section 3.2 of [25] . The methods in [25, 36] have provable stability results for certain weighted integrable initial data. However, positivity of the numerical solution is not guaranteed. Finally we comment on the concept of entropy explored in numerical approximations. There is a vast literature on entropic schemes for related equations including hyperbolic conservation laws and kinetic equations such as Fokker-Planck type equations. For the former, entropy dissipation at the discrete level is often enforced through numerical viscosity so that physical relevant shocks, particularly exact stationary shocks, can be captured; see, e.g., [8, 9, 35] . For the later, information carried by the pdf becomes less and less as time evolves; the probability density is expected to converge to the equilibrium solution in a closed system regardless of how initial data are distributed. The entropy dissipation in time is the underlying mechanism for this phenomenon. To ensure the entropy property at discrete levels, one often uses the logarithmic Landau form
see [4] . For a nonlinear Fokker-Planck equation, it was shown in [7] that the scheme based on some entropic averages makes the Landau form equivalent to the underlying equation at the discrete level. Another class of finite difference schemes for Fokker-Planck equations is due to Chang and Cooper; see [14, 27] . This method is based upon the requirement that the discrete Fokker-Planck operator possesses a quasi-equilibrium solution which agrees at the mesh points with a quasi-equilibrium solution of the analytic operator. For a linear Fokker-planck equation the ChangCooper scheme is shown in [6] to make the underlying equation equivalent to the nonlogarithmic Landau form
at the discrete level. In this paper we explore the nonlogarithmic Landau form subject to a nonsymmetric drift term (1.5). The novel features include (1) the equilibrium M has no positive lower bound, but zero at the boundary, making the Landau formulation singular and numerical computations more difficult; (2) the force due to fluid effects is generally nonconservative; one has to consider a nonsymmetric perturbation upon the usual Landau formulation, which makes the study of long time convergence more interesting; and (3) the natural function space for f is M L 2 (M dm), which when M Downloaded 08/29/13 to 129.186.52.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php vanishes at the boundary is different from the usual weighted space L 2 (M dm) [31] , hence the corresponding Galerkin discretization is not standard.
1.2.
Contents. This paper is organized as follows. In section 2, we describe the formulation of our scheme for the one-dimensional case. Theoretical analysis for both semidiscrete and fully discrete schemes is provided. In section 3, we generalize the scheme to two space dimensions. Implementation strategies and numerical results of both one and two dimensions are presented in section 4. Finally, in section 5, concluding remarks are given.
One-dimensional Fokker-Planck equation.
We begin by looking at the Fokker-Planck problem over the interval
In such a case K = 0 because of the constraint T r(K) = 0; then the problem can be described as
The associated equilibrium solution reduces to
and (2.1a) becomes 
Notice that at two end points
, m j+ 1 2 ], we define the cell average of f asf
Integration of (2.2) on I j yields
Based on this formulation we derive a finite volume scheme to compute {f j } which approximates {f j } by taking the numerical flux
Mj , where M j = M (m j ). We also set (2.4)
to incorporate the zero flux at the boundary. Downloaded 08/29/13 to 129.186.52.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php
Then we obtain a semidiscrete scheme
subject to the initial data
Theorem 2.1. The semidiscrete scheme (2.5) satisfies the following properties:
(1) Conservation of mass:
Mj h is nonincreasing in time with
Proof.
(1) Summing all equations in (2.5), we have
(2) Since M j is independent of t, we have
The scheme (2.5) can be rewritten as
From (1), we see that
Then all the trajectories of (2.6) remain on this hyperplane. We define a closed set on this hyperplane by Let F ( g) be the vector field defined by the right-hand side of (2.6); then
It suffices to show that Σ is an invariant region of this system. This is indeed the case if the vector field F ( g) points strictly into Σ on the boundary ∂Σ; i.e., for any outward normal vector n on any part of ∂Σ,
From (2.6), it follows that
For each g ∈ ∂Σ, we define the set of indices S such that
which implies that S = ∅ for any g b ∈ ∂Σ. Then the outward normal vectors n at g b are of the form
Furthermore, there exists a positive real number γ such that g b − γ n is in the interior of Σ, which implies that 
This leads to the conclusion that g j (t) ≥ 0 as long as g j (0) ∈ Σ. Downloaded 08/29/13 to 129.186.52.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php (3) We now show that the relative entropy E(t) is nonincreasing. In fact,
Proof. A direct calculation using (2.5) and summation by parts gives
where both (2.3) and (X − Y )(log X − log Y ) ≥ 0 have been used. We may also examine the large time behavior of g(t). Positivity g(t) > 0 and the constraint
together ensure that g(t) will remain bounded for all time. Since (2.6) is an autonomous system, what happens as t → ∞ is simple to describe. We summarize this result in the following theorem.
Theorem 2.3. Consider the semidiscrete scheme (2.5) subject to the initial data 
∩ Σ does not contain any trajectories of the ODE system (2.5) besides the trajectory g(t) =ḡ∀t > 0. With these properties we can apply the Krasovskii-LaSalle principle to conclude that lim t→∞ g(t) =ḡ, which leads to the conclusion. It is left to verify the stated properties of V . The first two properties of V are easy to verify. We only verify the third property of V : from (3) of Theorem 2.1 it follows that if
which ensures that g j = const, while within Σ, g =ḡ must hold. The proof is thus complete.
Fully discrete scheme.
Let the time step be denoted by k, and the mesh ratio λ = k 2h 2 . We apply the backward Euler method to the semidiscrete scheme (2.5) to get (2.11)
, where {g n+1 j } solves the following linear system:
Theorem 2.4. The fully discrete scheme (2.11) has a unique solution {f n j }. Moreover, the solution satisfies the following properties:
(1) Conservation of mass.
The relative entropy 
where C is defined in (2.10). Proof. First, we show the existence of a solution to (2.11). Equation (2.12) is a linear system of A g n+1 = f n , where
From the fact that A is a strictly diagonally dominant matrix, it follows that there is a unique solution g 
As for the relative entropy, we calculate
This yields (2.13), which implies that the relative entropy is nonincreasing. (4) Since E n is nonincreasing and bounded from below, we have
Observe from (2.13) that E n − E n+1 is a sum of nonnegative, bounded terms. When passing limit n → ∞ we conclude that each term must have zero as its limit, that is, (2.14) lim 
Using scheme (2.11) and log x ≤ x − 1 for x > 0, we estimate
for the first summation is nonnegative due to monotonicity of log x, and mass conservation implies that the second summation is zero.
3. Extension to the multidimensional FENE model.
Reformulation.
Let the matrix K be decomposed into a sum of the symmetric part and the asymmetric part, i.e.,
Define M (m) as 
is the equilibrium solution to (3.2) . Moreover, the relative entropy E = B g 2 M dm satisfies
Proof. Using the zero flux condition in the evolution of E we find that
Let B r be a ball with radius r < √ b; then using integration by parts we obtain
hence the desired estimate (3.3) follows. Remark 3.1. If K is not normal, the above estimate can still be obtained if we replace M by the equilibrium solution. But in such a case, an explicit expression of the equilibrium solution is not available. With M defined above, we will have
Hence leading to
In such a case, E is no longer decreasing, though still bounded in finite time. In the discretization to follow, we shall focus only on the two-dimensional case, for which K has the form = j θ with steps of radius and angle
Discretization in
Let the cell average of f on K ij be defined bȳ 
by the divergence theorem. Here ν is the outward normal of the cell boundary ∂K ij .
In order to derive a finite volume scheme, we use f i,j = g i,j M i,j as the numerical solution in K ij to approximatef i,j and represent (3.4) in terms of {f i,j }.
Because numerical representatives f and g are not defined on ∂K ij , we need to define a numerical flux to represent (M ∇ m g − 2K a mf ) · ν on ∂K ij . To simplify the presentation, we introduce two difference operators,
Δθ .
There are four pieces within ∂K ij , denoted by γ 1 , γ 2 , γ 3 , and γ 4 . On
where we use the midpoint rule for the integration in θ, and ∂ r g(r i+
where we have taken ∂ θ g(r, θ j+ 
) dr.
The numerical flux is chosen to be upwind,
Therefore we obtain the semidiscrete scheme
In regards to (3.5), when i = 1, γ 3 is reduced to a point, so
,j 2Δrr1 D r g 0,j is understood as 0; when i = P , the zero flux gives that
D r g P,j = 0. Due to the periodicity of f and M with respect to θ, we take
Thus (3.5) is well defined for 1 ≤ i ≤ P, 1 ≤ j ≤ Q, which can be solved subject to the initial data
The semidiscrete scheme (3.5) has the following properties:
The semidiscrete relative entropy, defined by 
(2) We arrange the solution {g i,j } of (3.5) to be a vector g = (g 1,1 , g 2,1 , . . . , g P,1 , g 1,2 , . . . , g P,Q )
T and rewrite (3.5) into the vector form
Due to the mass conservation, we have
Then all the trajectories of (3.6) remain on this hyperplane. We define a closed set Σ on this hyperplane by
It suffices to show that Σ is an invariant region of the ODE system (3.6). Similar to the argument in the one-dimensional case explored previously, we only need to prove that for any outward normal vector n on any part of the boundary of Σ,
which implies that S = ∅ for any g ∈ ∂Σ. Then the outward normal vectors n at g ∈ ∂Σ are of the form
Here we assume a ≥ 0. The proof is similar for the case of a < 0. Shifting the indices, we have 
By the definition of S, g i,j = 0 in the first summation and g i+1,j = 0 in the second summation. So
With this, II > 0, and III > 0, we arrive at the conclusion that F ( g) · n < 0. (3) Next, we show that E(t) remains bounded for any t > 0. For definiteness, we assume a > 0.
By shifting the indices in i and using r 1 2 = 0, M P + Δrr i+ 
Here we have used M i,
, and g i,0 = g i,Q . Summation by parts in j gives
In the two-dimensional case, K is normal if and only if K is either symmetric, i.e., a = 0, or antisymmetric, i.e., M i,j+1 = M i,j . In either case we have
where
By Gronwall's inequality, 
where, in virtue of the monotonicity property of the log function,
and III = ij aD θ f i,j log g i,j |K ij |, which corresponds to the case a ≥ 0. The case a < 0 can be treated in a similar fashion. By summation by parts in j we have
due to the conservation of mass. Similar to the one-dimensional case we can show the long time convergence of solutions of the semidiscrete system. Theorem 3.4. Consider the semidiscrete scheme (3.5) subject to the initial data
where 
Hence V satisfies the following:
• The set { d dt V = 0} ∩ Σ does not contain any trajectories of the ODE system besides the trajectory g(t) =ḡ ∀t > 0. With these properties we can apply the Krasovskii-LaSalle principle to conclude that lim t→∞ g(t) =ḡ, which leads to the conclusion. We only verify the third property of V : from (3) of Theorem 3.2 it follows that
If d dt V = 0, then each term in the sum on the right side must vanish, that is,
which ensures that g i,j = const, while within Σ, g =ḡ must hold. The proof is thus complete.
Time discretization.
We apply the backward Euler method to (3.5), but treating the asymmetric part explicitly,
. We assume that Δt satisfies the CFL condition (3.10) |a|Δt Δθ ≤ 1.
Theorem 3.5. The discrete scheme (3.9) with (3.10) satisfies the following properties: 
where C is defined in (3.8) .
Proof. (1) Multiply (3.9) by |K ij | and sum over {ij} so that 1 Δt
(2) Rewrite the scheme (3.9) in terms of g n i,j as follows:
where (· · · ) is the sum of the coefficients of the first four terms on the left-hand side. The CFL condition (3.10) ensures that the right-hand side of (3.11) is nonnegative. Note that the coefficient matrix of (3.11) is diagonally dominated. A similar argument to that in the one-dimensional case can be applied here to prove that {g 
and similarly, by shifting the index in j, we have
n is nonincreasing and bounded from below, we have
Observe from analysis of (3) that E n − E n+1 is a sum of nonnegative, bounded terms. When passing limit n → ∞ we conclude that each term must have zero as its limit, that is
The first relation in (3.12) says that g n is a Cauchy sequence, which when combined with the completeness of Σ (a closed and bounded set in R P Q ) ensures that lim n→∞ g n exists. The second relation in (3.12) infers that the limit must beḡ. The proof is complete. Theorem 3.6. For symmetric K, the physical entropy
The second sum is nonpositive since
for mass is conserved at each time step. The first sum when recalling the fully discrete scheme may be expressed as I + II with
These together make the proof complete. Remark 3.2. If the drift term corresponding to the antisymmetric part is made implicit in time discretization, the entropy dissipation relations also hold at the fully discrete level when K is normal (for both the physical entropy and the quadratic entropy). But such an implicit treatment does not guarantee the positivity preserving property.
Numerical implementation and results: Implementation strategies.
For the one-dimensional case, we apply the tridiagonal matrix algorithm (also known as the Thomas algorithm) to scheme (2.12). The computation cost is O(N ).
For the two-dimensional case, we use a direct method to solve the linear system Ax = b with a sparse N × N coefficient matrix with N = P Q. If the final time t is a multiple of the time step Δt, the coefficient matrix is the same for each time step. So we only need to compute the LU decomposition once. Furthermore, for large N , the sparsity of the coefficient matrix reduces the complexity significantly, which is about O(P 3 Q). Solving the decomposed system LU x = b costs O(N 2 ). So the total complexity is O(N 2 ). For K = 0 or antisymmetric, M is independent of θ, and we use the Fourier method in θ to reduce the computational cost. More precisely, we express the solution as
with its inverseĝ
For each l, we obtain a linear system of (ĝ 2 ), which with complexity O(N 1.5 ) is clearly faster than the direct solver described above. Numerical tests. We now present our numerical results to demonstrate (i) the accuracy of the schemes, (ii) the capacity to capture equilibrium solutions and the large time behavior of the solution, and (iii) the effects of some typical homogeneous flows.
Denote the initial function without normalization byf 0 (m) and the normalized initial data by f 0 (m) = Z −1f 0 (m), where Z is a normalization factor defined by
We also denote Z M = B M (m) dm.
One-dimensional tests.
Denote the numerical solution by f n j , and the exact solution by f (m j , t n ).
Definition 1. The L 1 error is given by
and the L ∞ error is given by
When the exact solution is not available, we replace f (m j , t n ) by a reference solution to compute the errors.
Accuracy.
We illustrate the accuracy of scheme (2.12) with several choices of initial data. Example 1. In this example, we consider four kinds of initial data:
(iv) a cosine functionf 0 (m) = 1 + cos(
We take the numerical solution with N = 2560 as the reference solution. Table 1 shows the results from the above initial data when b = 16.
Example 2. We consider the same initial data as in Example 1 but with b = 50. The results are given in Table 2 .
Large time behavior. The normalized equilibrium solution of the FokkerPlanck equation is
We define the distance of the solution from the equilibrium as Figure 2 , which indicate a fast convergence to the equilibrium state. In Table 3 we see that the distance from the equilibrium solution is decreasing. This confirms that the solution converges to the equilibrium solution f eq as time increases. Downloaded 08/29/13 to 129.186.52.119. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php Table 1 Error and order of accuracy for Example 1 on a uniform mesh of N cells: b = 16, Δt = 0.1, final time t = 1.8. 
Example 4. We test the time evolution of the relative entropy by using the initial data (i)-(iv) from Example 1. Table 4 shows that the relative entropy is nonincreasing. Table 5 Error and order of accuracy for Example 5: b = 40, K = 0, final time t = 4, Δt = 0.05, and the reference solution is given by P = Q = 320. 
Again when the exact solution is not available, we replace f (r i , θ j , t n ) by a reference solution to compute the errors.
The scaled discrete relative entropy is defined by
|K ij | and the distance from the equilibrium solution by
Accuracy test.
We test the two-dimensional accuracy also with several choices of initial data.
Example 5. In this test, we consider the two-dimensional problem with K = 0, b = 40 and two types of initial data: Table 5 .
In Table 6 , we choose a symmetric K with different values of b and letf 0 (m) = M (m). In this particular case, we know that the exact solution is independent of t, which is given by f eq (m) = Z Table 7 Relative entropy in Example 6: Table 7 shows that the relative entropy is nonincreasing and converges to 1. Especially in the second column where we take the equilibrium solution as the initial data, the relative entropy stays the same.
Example 7. Let a = 0, i.e., k 12 = k 21 . A comparison of solution behavior for two different initial data but with same b = 16 is plotted in Figures 3 and 4 . Moreover, Table 8 shows that solutions in these two tests converge to the equilibrium solution. denote the minimum of numerical solutions over all computational cells at t = t n . In two numerical tests presented in Figures 3 and 4 we obtain f n min = 0 at all time steps tested. Positivity may also be observed through visualizing the numerical solution from a different angle we see in Figure 5 The solutions at different times are plotted in Figure 6 . In these tests we can see that the proposed method can well capture the equilibrium solutions for extensional flows.
The contours in Figure 7 show how the equilibrium solution f eq (m) = Z to the low order of our scheme, its performance when αb becomes large tends to be less satisfactory. A higher order extension of the present method constitutes a future publication.
Example 9 (steady state shear flow). The steady state shear flow has the velocity field v = (γy, 0), where γ is a constant shear rate, and the velocity gradient tensor is
Let γ = 0.1, 0.3, 0.5, 1.0, 2.0. Figure 8 gives the contour plots of f n i,j at t n = 4, from which the shear effects are clearly seen. Note that since for shear flow, K is not normal, we do not expect the scheme to capture the large time behavior of the solution.
Example 10 (a vortex). A typical vortex has the velocity field v = (−γy, γx), with velocity gradient tensor
Note that K is not symmetric but it is normal, i.e., K T K = KK T , hence f eq (m) = Z 5. Conclusion. In this paper, we have investigated the Fokker-Planck equation which is of bead-spring type FENE dumbbell model for polymers, with our focus on the development of an entropy satisfying numerical method for the Fokker-Planck equation subject to zero flux on the boundary. We constructed simple, easy-toimplement conservative schemes which preserve equilibrium solutions and proved that they satisfy all three desired properties of the pdf: constant integral (mass conservation), positivity preserving, and entropy satisfying for K normal. We also proved the long time convergence to the equilibrium solution at discrete levels. The goal of our future work is to extend the numerical method and analytical results herein to a higher order discontinuous Galerkin method.
